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SANKBYA: THE INDIAN JOURNAL OF STATIBTICS: 8.&1.. A

doses of radiation on uranium mine worker.. AlJo, as in toheee examples, one might
have to wait many )"e&rt for the reaults of an ezperiment while relevant obtlervational
data might be at hand. Hence, although inferior to &n equivalent ezperiment, an
obeervat.iona.l 8tudy may be superior to or uaeful in conjunction with a marginally
relevant experiment (e.g. one on the long-term effeote of radiation on white rats).
In addition, the &Ilalysis of data from obeel''f'ational .tudies can be ulleful in isolating
thOle treatment. that appe&1' to be sUC08lI8ful and thus worth further investigation by
experimentation, as when studying special teaohing methode for underprivileged
children.

In d_ling with the presenoe of oonfoundiDg vanablea, a buic ,top in planning
an observational etudy is to list the major oonfounding v&riabIe., de.ign the study
to record them, a.nd find lOme method of removing or reduoing the biucs that they
mar ca.uae. In addition, it is useful to speculate about the Ii. and direction of any
remaininl biM when summarizing the evidenoe on any differential effects of the
treatment..

There are two prinoipal 'U'ategiee for reducing bi.. in obeel'vatiollal studiee.
In matching Or matched sampling, the eamplCll &1'8 drawn from the populationl in
such a way that the distribution, of tho confounding vari&blee are eimilar in lOme
respects in the &amples. Alternatively, random samples may be drawn, the eetimatee
of the treatment being adjusted by meana of a model relating the dependent variable
y to the confounding variable z. When 'I &Jld z I.nI continuous, this model usually
involves tbe regre.aionof 11 on z. A third eRategy is to aontrol bial due to the z-vari­
abl88 by both matched a&lDpling and statistical adjuetment. Notice that the atati.ti­
cal adjustment i. performed after all the data are collected, while matched 8ampling
can take place before the dependent variable ie recorded.

This paper reviewa work on the effectiven811 of matching and statistical ad­
juetments in reducing bias in a dependent variable 11 and two populatioDl Pi and PI
defined by ezposure to two treatments. Hen, the objective is to estimate the dif­
ference (Tl-TI ) between the average effects of the treatments on y.

Seetion 2 revieWll work on the ability of linear regreeeion adjuatment and three
matching method, to reduoe the biu due to z in tho eimpleat oue when both 11 and %

are oontinuoUl, there are pa.raUel Unea.r regreeaione in both populationa, and % i. the
only confounding variable. Section 3 conaidere complicatioDl to thil eimple cue ;
non-parallel regreeaion., non-linear regrelliona, errol'8 of meuurement in z, and the
effect of an omitted confounding variable. Section' ext.onck the above case. to in­
clude z categorical or madc·categorical (e.g. low, medium. high). Section 6 presents
some multivariate :t reeulte which are eimple generalizationa of the univariate z resulte.
Section 6 conliders eorne multivariate ex~ona of matching methods. A brief
summary or the results and indication, for further researoh are given in Section 7.



";'1-;'~ == (ft-''>--'1--'>'.
In IftGfioe. pwmMt commonly Mtimated from the pooled within.....pIe regre&8ioDa.
With ,thi.t model, how..,•••~!C2 fJ eatbet' £or tibe pooled _ or foIo • ClItiIDa~ from
sample 1 tilt a.mple t alone. :from (J.1.3) foI: any' of... "

CONTROLLING BIAS IN OBSBBVA'1'IONAL 8TUD1BS : A BBVIBW

t. r.:II OOftmtTovs: mov.....'l'.....u ..., LDI'ti& ..--.m_
1.1. ~...... We begin with the limple oue when , aDd a univariate

s are boMa ClODtinuou, &Dd the ........ of, on :II are Unear aod 1*'..u.l in both
populations. )lor the j-th ~tion (rona population i. the model may be writteD

,., = J'f+1(~I-'c)+'41 (1.1.1)

".... /Ie lmd tpc I.1'e the meua of y mel :r nIp8Oti......Y in population " where '1 > 'I_
wi*oat _ of~tr. Thua tbe~III of" QD S dift'c by the collltant

" .', .c.s,-""""zz..,)". ~-~-I('l-'I). ' , '... (1.1.1)
. . . ~ • . . .. ., . ' ; t ;'. i·· I •• :.' .

If. ia the outy varili.ble (1Mi.id. tile treatment) thl.t affeotl " caM whole diatribution
cIiffwI in the two populaticml. (1.1.1) eq tbe diffInaae in the a~ effeot.t of
tM ....en., "I~T.. Th_, in this the treatm.mt cUmnnoe in (1.1.2) it con-
....t MU11eft1 of.. ':" ",,:, "

I'1'om (1.1.1) It folJowl that ~tionallyon the valu. at~ in eampJ.~
either I'8ICIomly 01' eoJely on s, . ; il ' ~ I •• - -:-~.. ' . ..J

.""'-,.) ,;... CJtl~I't>+i<~-,,)-/I"'--"~)
- '7'1-".+~~-Itl. ..~ (3.1.3)

Lettiq •• be the apeatation Oft&' the cIWn'butiuD of~~ raudoiD 1&IDpIM.

A(fl-'J """ 1'1.-1II-'7'1-".+J'<'h-'.) .... (1.1••)

10 that the ezpeoted biu in e'I-'" hm I'IIDCIom ......pI.. ~"-'tl.--------'-. _._._.-..__.. . _.
2.1. LiMtJr,..".&triot& Mi.....-. 8iDee from (J.1.3) i,-fl." oouditiouUy

bi&Ied by loll amOWlt 1(/1,-eJ In randolll and. IUtobed .......pIM. it is reMOl1abJe to
adjut '1-" by eabt:raatiDg an ..mate of tile biu. TIle adjuded eetiIDUe would
then be

M,(1i-f .> = /It1-"'-~'I--"') ... ",-",.
For thiI model. the~adjUltmflDt~ ~ the biM either for n.ndom IlUBpJM
or for mr.tolwcllllolDp1ee I8Ieoted lI01e1y ... s.

:Befcn uiDg the resr-6m &djaated _mate. tM iDnatiptor IIhoald -tWy
hi....' tha1i tlbe rep 11'00. of. , OIl C'in the two .populatiom appall: IiDe&r and pe.ra11el.
Standard metlbocJa offttitlDc b orela- t.-- in~ IepU'ate '1. In b two eampIM
are appropriatlt for helpiDa to tbit queItioD.

UI
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OONTROLLING BUS IN OB8BBVATIONAL STUDIES; A REVlBW

In Pl'M8Dtina relUlti on the percent recluotiioM iD biaa _ z normal (T.b1e
2.3.1), we haye t&ken

C =(lv'(Vf.+C115/!

where (J == 0.!(0.2)1.0. Striotly, the reIa1t. hold for B < 0.6 but f'0l' B between
0.6 and 1t the percent reduotioba &Ie cmJy about I to 1t% lower t.han the Spree ehowu.

TABLE 1.1.1. l'IUlemrr BEDUCTImr Dr BUB OF • 701' CAI.JPKB

k&TCJID:IU '1'0 WITIDlf ±."'(~+;PIIwrrB • NOBIIAL

II ..,.. - t -tl-t - I -tJtrf ., I

0.1 ... .• ••

0.• .11 .11 ••
0.' ...'1 -Ii ..1I.lI

0.' •• .11 .7f'

1.0 .'11 .,. ••
A tight matabiDi (4 .... 0.1) ramo.. praotiolUJ all the biM, while • IooIe matDhiog
«(I .. 1.0) l'8IDO'9W around '76%. '!be'ratio "'.. baa • DllnOl' e«eot, Ut.hoagb per-
fonDr.noe t. lO1D8Wut poonr .. vl/vlloanuel. .

A diladY&1l" of .upsr mHGhlD« in praotioal1lle II.t u.nIeII r ia q1liw
larp thin ta • DOA-nesUIIb1e probability that lOme of the deIINa • D16tohu Me not
found in the 1'81 ,ait. Nothing 1188011 to beknown about the m.tribuUoD of the number
of m.tohell found .... {unotion of r, CI, ('1-") and D'f/O'f. We haft DOt inYMtigated
theco~of meomplMe IDAtohhag .. ofteo rew1t1 in praotioe. ThUll we have
no help to gift the iDYMtoiptor in _mating the l'8I8l'Toit &i.e needed a.nd the prob­
able pereent lucaen in~ oaIipet IMtoh...

2."'. •~ .,.ilAWc'~. ThiI cli-dftll. it .yoided by • method.
(Rubin. 117"), in wbiOl1i1tW pair mateheau-e euily formed by computer. The 1&

val..of:z from ...ple 1 aDd the "' ...al..fIom reeenoir Zr.re entered in the computer.
In ODe yadant of the~ the eample 1 ftluea of * are &rat lU'l'&DPd in random
otdor from ~11 to *1... Stal.1iiDc with :ru. tile computer aeJecU thai value 2:a in l'MII'Voir
I neareet to ~1 and ..,. tId8 ,..... The oomputa' nut eeeb • 'neMeIt .....ail­
able'~ £or~ flo. &be (,.-1) remaiJaini in n ....oic' t, ~d 10 Oil. 10 that."
matehee are all,ay. fcnmd altho. the· Talue or (I is not eontl'olled.

Two other variant. of tbiB 'Pe&r8A ..~. method W8I'e exa.mined. In
tb"~~.~~berllof....mple:l"et'8(ilftD,i1'.~ from.:mp.tto 10..... (ii) ~t ..
·n.nked fromlOftllt·to hipeit't~·.~~tohelifroni'~ raDbd '~~Y~~~:':':
'11> 1.. Vonte CarID renlta with ~ J1Orlll.t'~owed that fOf'the perCiiDt ledtletibDj"·
() in biaa of {~1-~' f}UJ> 8,.. > 0.£. 1£, however. the quality of the m.tch_ i.

"1a



S~~y.\ : THE INDIAN JOtJR!iAL OF 8TATI8TI~: BDBI A

judged by the average MSE witbiD pairs, EIII(%lS-'%!j)I, the order of performance wu
opposite; rtlSEHc. < MSE,all < M8ELH' Both lJ8te 1)( 1'eIult. have rational espla­
nations. The differences in performanco were u.u&lly amall. On balance, random
ordering i, a re&8Onable compromlae ... well a., quickest for the computer.

For random ordering, Ta.ble 2.'.1 shows the percent reductions in biM of

(~1-~1) and hence of (g.-i.) Cor r = 2,3,4, J&. == 25, 50 and different combinationa
of the initial bias B and the ~/o1 ratio. Resultl for" = 100 (not shown) differ
by at most one or t1fO percentage pointe from those for " = 50, luggeeting that the
" = 60 relulte hold al80 for 11 > 60. With thie method, the percent reduotion in
biu deere... steadily a, the bia.e B inoreuee from 1/4. to 1, 80 that results are gi.en
separately for t.he four values of B.

As regardl the eff'eot of «1f/at, matohing doea beet wben vf/u: = land .....t
when ut!a-I = 2. Thi. i. not surprizing. Since '11> 'I. the high values of IlWD.pIe
1 (the one. most likely to cause residual biu) will receive 1811 biMed partners when
0'1 >~.

The inveatigator p1&nning to Ulle 'ne&l'ellt &vUla.ble' matching oan eetim..te
Band trf/f1: from the initial da.ta on %. Knowing the value of r, he caD. estimate
the expectA!d percent reduct.ion in biaa under.a linear regre.ion from Table 2.'.1.

TABLE :!.u. l'ERCENT REDUCTION IN BIAS Foa RANDO. OBDER.
NBABEBT AVAILABLE IUTCBING~ III: NOlU(AL

uf/ut = i afl'; = 1 atlV: = I

r,S = 1 a 1 1 1 3 1 1 3 1:l J " 40 ~. ...- 4 2- j

::l 9; ~-& 89 8U 87 lJI 73 68 63 00 66 4a
ID..

3 utII 9':1 ~7 OJ 94 91 !i8 ijl 77 72 117 III

-= • 09 99 !lit 91 Ita \/5 02 $8 81 70 70 08

i
2 DIt \/lJ 93 ~" . 01 lI7 7" 09 68 09 63 61

I 3 100 !)U \llt 97 ltl \/6 01 M 78 76 IIi 83
-= ... 100 100 lOO !l9 98 \/7 94 89 86 lJl 75 71

_._-----_ •._----- .

A meaeure has ablo been oonatruoted (Rubin. 1973a) of the aloecMIII OJ' quality
of the individua.l pair matches. If pairing were entirely at random, we would have

E.(~I1-%2J)·- (o1+O':)+('1.-".)z

"'"" <af+a-:)(1+Bi f!).

ColUl8quently the quantity

1OOEllIl;.t;sl-~a1)I/(e7f+o1)(1+ Bl1'l)

411



(,'ONTROLLtNO BIAS IN OB8EBVATIOlfAL S'l'UDIE8 : A RBVIEW

wu ahoten .. the 1QGMQN. 8taee rwuJta vary little· with A, only tbGIe for " ... 50
an awn ill Table 1.4.1.

TA.BLlll 2.4.1. VALva OJ' lOO••~-·~'K-t+o11Cl+./I)JOB lOUBEST
AV..&ILABLB JU.1n;)OK ORDIlR IlATmIDI'O WlTIIc M01UIAL

crtJ-t -.
.,,.. _ t

4rf1C't - I

'\.B .. 1 1 a 1 1 1 a I I' I S
i i "4 l' j '1 .. 1 f.

t 0 a • I a & 11 7 II IG II

3 0 0 0 I 0 1 I • .1 •• 11 II, 0 0 0 0 0 1 t • a I • II

Bzeept for "'feJ1 """ t tend B > I. nacIom orderInIlifti aoocl quality matohee.
In f&ot, liD. the oomputer PJOIlUl (Ba", It'lla) for~ the matdlMl
P*I i. ftl'J' IP*lT. the lunatiptm CIUl tiryrMlllc8, hiP-low, 1oIlCl1o....·bJah ordwiac.
By ep.min;aa ~l-• .) ADd E(:II1I-:II.,)'" tar ......~, he 0IIIl aeleot what &ppeMI

to him the bed of the three &pproaohee.

I.a. • .. ftIC!!!Ii1lf. FOr 1011 in....._ who fa not1Dtenet.ed ill pail' matohiDg
aad iI ooa&den,that the recre-l0Il • liDMt', & mean-maWrina lIletbocl wblah OOIloeD·tn_ OIl maJdog '~l-rtl ~&11 hal been dIIoal.ed (GreeD.., 18G3). ThefoDowiDg
limple oomputAw method _ been inveltipted (&biD,11'1I.). CakmJate .fl' 8eIeot,
froID reeervoir I, tile ....... m~, tbeIl tile .. IueIl t.batC....+~fJ II ... to
~. MId .0 011 UIliil" bave been .IBDtled. 1'01'" .... 50, Table t.IU idIowI the pereea'
redUotiolUl in bial obtaiDecl. .

'1'ABLE 2.'.1. plU\Omtrr mmUCTION IN BIAB I'OR JDIAlf II'ATClIIHG:
~ )tONIAL

-t/ot - i crt,..,. I IJfI.: - t

,'\.s= I 1 a 1 I 1 S 1 1 I I 1"i J I "' J i i i f

t 100 100 II 11 100 II II .,., 100 U .t 67

:I 100 100 101 100 100 100 " "01 100 100 .., ..
~ 100 100 100 100 100 100 100 100 100 100 100 II

Ezoept in. few diftlGult , partiaulKly B = I, thd~ of mean mateh~

iDg relllo~ euenti&lly aU the biu: So r. .. we Dow, meNl DJMdeq ill Beldom
ueed. 'prM1lm&bly beoa.u8e it reUe- _TiIY 011 the ...u~ that tbe np-eioo is
li~ With a monotone Don-IIDear regr I q'on of. on :t, ODe miPt IpeOU1ate that mean
....tch!Dg should perf~roQsh~y.. well .... 1ineK ~pe"OD adjumnent on zwuJom..



... (3.1.2)
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lIampJclI. But with the re~relMion adjuatment, one can oxamine the relation. between
.II and % in t·he two 'l4mpl~ bf.fore rteciding \yhether a linear or non·linear regression
AdjullUl'lf'nt is nppropriat(', whereas with mean matching performed before y hu been
observed, one ill committt"d to the o...umption of linearity, nt lea'lt when matchim; the
'l&mple~

3. COIIPUCATlONS

3.1. R'grt~M01J8 linear hu' no' pamllfll. For i = 1,2, t.he model becomes

Yr1 = 11,+P(%fl-11c)+~f1' ... (3.1.1)

It follows that for a. fJiven level of %,

R{(lItl-,"!J)/r.lJ = ~z1-:r} = ICI-/12-fll'll+P.1J.+(Pl-P.)2·.

If this quantity ill interpreted as mcuuring the difference in the effectll of the two
treatmentl for given %, thia diffe.-ence appears to have n linear regJeMion on .1:. At
thi, point the question (I.risea whether a differential treat·ment effect with % ill n. reason­
able interpretation or whether the (11-/1-:) difference is at le...t partly due to other
char:scteristiclJ (e.g., effect of omitted x-variable9) in which the two population,. difft'r.
With s~unples from two populations treated differently, we do not lWe how this ques­
tion Clln be settled on statistical evidence alone. With 'one study population PI and
two control populations P t , p~ both subject to 'Ta• a. finding that $. ~\nd tt~ agree
c10llely but differ from St leans in favour of 8u8808ting a differential effect of (T1- T2)'

As it happens, ....uming ~ i.e the only confounding variable, this il'J6Ue becomes
Ie88 crucial if the.goa.l is to cetima.te the average (Tl-Tt) differen~ove!' POP\1~tion 1.

From (:U.2) thie quantityis, .-

~jnce from random "nmpl~i'I,

Er(Yl- g!) = /&1 -/C!,

the initinl hiali i:-41J2(111-)/~). With Fin-mple!' matched to 1\ rAndom I'll

Em<fit -fi!) = /'·I-/c!-P!E.(~t)+Pt7l'1'

80 that t 11(' rt'du('tioll in bias iI.

... (3.1.3)

... (3.1.4)

Hen('t' the percrnt reduction in bias due t~ mft.tchin~ rema.iM. :\9 before,

t OO£EtII(J":) -1[.J/{11t-l1t)

90 that prcviolli'l f("sults for 'matching apply to non-parallel lines also with this (·Fitimand.

All rcgafd~ r~98ion adju8tment, it follows from (3.1.3) and (3.1.4) t.hat

R,[(Y.-!iI)-S!(~I-.t'I)J = U'I-/l ,)-{/,(1Jl-'l/,) = E1(Tl -Tt )·

424
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. CGalequeDtly. in applyiug t.he ~on adj\1ltnaent. to I'IlIldom I&DlplM,
ue of the legl_ion coeftioient oalculated from .mple J prcmdeI an unbiued eetl­
mate of the delired E1("1--r,). '1'hlI property ... noW by PetIn (1161). whUe
BeJ.en (1918) recommended the \1M of~ in oomparina ll8tenera (P,) with DOIl-li.tenen
(P,) to. BBC tle1nieion pI'OIl'am deN.ned. to tMoh \1l8£ul Prebch w0rd8 and phruee
to pI'OIpeOtiiYe to....

_. With .81(1"1-1",) Dol the objeotiYo. the &tandard 1188 of t.he pooled I. in the

repellion adjutment gm. bi..d eatiaaa•• ibough BabiD (19'70) 11M .hown that
'~a.vailable' lIJ.MGhiDg follqwed by repeIIion adjuatlll8llt pe.t.ly redwx. tbi.
bi... With matched eamp.. the 1ltudan1 eetimate of ~. f'ollowiDg the analyaia
of OOTarianoe in. ~wo.way t.bJe. ie _,. the ...ple ftltP-.ion of matched pIIir differ­
enGel. (Nd-1Iu) on (%.s-~,,'. Curiouel,. t,M Monte 0101'10 oomputatioDa .how that
1118 of ,. on matched Bamp" perform- better than \1118 of S. in thil oue.

If nou-pan.l1oliem ia interpreted .. due to a (1"1-1",' diffenlloe vuyinc lineuly
with %. the queetion whet.her 1I,(1"1-1"t) .. the quantity to eltimate deiiea:ves 8eriOUI
CODlIIderation. To tab a praotioe IOmetimOi followed in Yit&l It&tiItioI. We migb\
wiah to Mtim. (1"1:-1'.) averaged ov. a n&nd&rd populAtion thAt haa meaD 'I' dif­

r.mg from. "1 and ".. The .\fmand bfMtolll., from (1.1.2)

From ra.udom samp., loll nnbiued f8IIlewion eltimate ia

('I-g,)+Pl(,.-il)-"("-~I) ..• (3.1.5)

when " and _. are the ulual leut aquarce est.im.tee from the aeparate regrellrionll
in the two I&IDp1el.

A1ta'D&tively. p&l'ticuJarl, if ~ and ~t dilt'er- euNtulti&lly. nO lingm aYel"88"
of (T1-1',) may 110 of int.erat. but rather the n.lue- of (T,-T,) ..t each of a range of
v&1,* of z. As a guide in forming a judgement whether Ule or .. einaJe avezoage dif·
f8leUOe UI adequate COl' praotiaal applioation, Rubin (1970) hu augated t.he following.
Suppote that in the raJII8 of jntenst, ~ li811 between z" and ~Il' From (3.1.2) the
estfmateddift'erenee in ("'l-T.) ..t theee two oxVemee itt

(3.1.8)

(3.1.7)

The ratio of(l.l.8) to (3.].7) provide. eome guidance on the proportional error in u-.ing
rrimply tbia avwage dtff'ea....
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If it i. decided not to U8C the anlage difference, the differeoC81 (Tl-T.) for
specified ~ can be estimated by Iltandard methoda from the sepuate rep'elliona of
y On x in the two samples.

To examine tho relation between (T1 -TI) and :r from pair-matched. samp••
it is natural to look at the regression of (Yll- Y21) on ~.l := (%1J+:r~)J2. Howe?er,
from the models (3.1.1) it turns out that

E{(Yll-!lu),,\zl- x} == (Pl-/I.Z)-!Jlfh+fJ.'1.+(!Jl-{J,"'.J+(Pl +IJ.)E(tlllz.1 ..... z)

where dJ = (ztJ-xtJ)/2. With 'Pi 'F 'I. or crt =F 01, it appean that E(4, I~'1 .... z) =F 0,
80 that this method does not eetimatoe the relation (8.1.2) without biaa. Tho biM eh011ld
be unimportant with tight matching, but would require Monte Carlo innetigation. ..;

3.2. RegreNiOft "Oft-linear. Q)mparilon oftha performMce of pair-matching
with linear regre.iOD adjWltment is of great intorest here, ainoe thiJI is the situation
in whioh, intuitively, pair·matching may be es~ted to be superior. UM of both
1fe&pons--linear regreuion on matched eamplee-ie a1Io relevant..

Monte Carlo comparisons were made, (Rubio. 19'13b), for the monotonio nOD­
linear functions y = e:i::'" and e:i::2: and the random order n~It ayailable matchiDg
method desoribed earlier in Section 2.... In luch studies it is hard to convey to the
reader an idea of the amount of non~liD_ritypreeent. One meaaure will be quoted.
For convenience, tho M:~nte Carlo work wae done with 'Ii+,. = 0 and (~+a1)/2= 1.
Thua in the averago population, % ia N(O, 1). In thia popul&tion the porceot of the
variance of Y = e:t: U that is attributable to it. ·limsr cOlDponent of regreeaion on :r: i.

looal/(eG'-l). For s = ± t. ± I, reepeetively, 12% aDd '1% of tho variance of
yare tlOI attributable to the linear component. From thie viewpoint, y = e±ts might
be oalled moderately and '!J = ~~s Q1&rkedly non-linear.

With regresBion adjustments on random samples, the regreaeion coefticient
used in the results presented here is PI', the pooled within-samplM eatimate. With
regression adjustment., on matched Bamplee, tho reeulta are for P., .... would be cuato­
mary in practjce. Rubin (1973b) has jnveetigated 1118 of ~lt ~., P. &Dd P. jo. both
situation!!!. He found S. in t.he unmatched caee and ~. in t.he matched case to be on
the whole the he.t choieell.

The results were found to depend markedly on t·he ratio afta-;. Table
3.2.1 presents percent reduetiona in bias for ai/lTl =0 I, the simplest and JK-ibly
the moat common caae. Linea.r regreaeion on random amples performs admirably,
with only a tri8ing onr-&djWltment for Y = e:U . Matohing i8 inferior, particularly
for B > i, even with a rell8l'VOir of size 4. from which to seek matches. IJnear
regreB8ion on matched samples d08ll about lUJ well &8 linear regreeeion on faD' .om
samples. Results are for Jt = 50.

Turning to the C&118 O"fllTl = ~ in which better matches can be obtained,
.Lote tint that linear regreuion on random tamplee givee wildly erratic raulte which
call for OJ. rational explanation, sometiDleB D1a.rkedly overcorreotinB or even (with

f"
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With O'f/O'I - 2 (Table 3.2.3). linear regreuiOll alone periorQl. jU8t .. erra.ti­
c&1ly as with O'rJoi - i. the reeulta being in fact the _rue if ,,_a i. repw:ed by ,,-u.
As expcct('d from the result. in Section 2.3. matching Qlone i8 poor. III mOlt cues,
regrelleion on matched eamplee is 8ati.factory, except for failure" with t.-.II and ,,-.
when B = 1 or i.

TABLE 3.202. l l ERcENT REDl:<..710N IN BIAS 0)0' V
(ertla= = f. THE .A8lER CAS. FOB nTCHlNO); • NOJULU.

B= ! B_ 1

• t

Il*bocl po ..III .-... .. .- .- c-.,. .. .-.
11 ... '1 -ICH .- 141 80 til 71

16 3 gl " 108 100 " 8t d "3 II 100 101 100 88 100 " 100
, 91 100 101 100 " 100 117 100

.RJI I 101 100 H 100 101 100 101 100

3 100 100 100 100 100 100 101 JOI

4 100 100 100 100 100 100 100 100

B- S 8=1

"'
mMIaod r ... _11111 .. .- ed ....,. .- .11

R III 80 170 81 UI lit lit 102

/II , 8t 91 8li 88 78 III 68 9.
S 87 100 Il' 100 lifo 88 to 011

" 98 100 "7 100 07 lit "' 100

RN 2 lO3 ~8 liS 100 101 9t 118 II!)

3 100 100 101 100 8t " 1011 100

• 100 101 101 100 101 100 102 100

3.3. R~~~lion, paralW "", ~ic... ASo~e further insight into the per-
formance. of these method. ie obtained by. conaidering the model

• W -= T4+PZfI+&E.,a+CCI· (3.3.1)...
It foUo•• that

EeCY1-D.) = ("l-"'t)+P(~-J!t)+'(S':f-~)+cf("-fi) ... (3.3.2)

where 6i = 1: (Z,,-2,)I/n. Hence the initial bias ill ra.ndom ea.mples is. unoondi-
tiouaJly.

.
(111 -111)[11+&e'll+l1IH+&(af-cr.) (3.3.3)

= (7h-7Jt)J1+6(af-~) (3.3.4)

U8
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,
where without Joel of aea-aJity we ban ....med '1+'tt = 0:

Efta ~ough '1 > , .. it , > 0 c- appropriate far the politi'" upooeatW f1ID8tlion)
(3.a••) IhowI that ifat < ai. tile ·hUtiAl biu mJaht be amaIl or nm Dlptiive.· Thia
may indioat.e why IOIIle .mAo nn1t..p~ ill the p.ra.t recluotiolL ill biu with noD-
w.. faDot.ioa.I. .

Jl'OIIl (1.3.21), the nmaininl btu ill JD&fIabed ........

('l-.-<'I))t8+'('I+~)]+l{crf-••(")}. ... (l.a.6)
. .. . ..... '. . . .

The eeooDd __ IIhouJd be miDor if the ........ Me nIatlftll.1 well matahed. T.be
8m t.eaD ...... that in thiI 018 • ,....at ndution ill biu 8hould approimate
that 'for pIftIW-liDIlK rep! ... if l'llll w...n. J'oat aampIe, lit 6f = crt .- 1
and (J be tiIuI peraent reduotioD in biu .. , liMu. J'Ioom Cs.8••) IrDd (3.3.1)...
l*'O"Ilt rcdaotiob. in biu far r eiudratio -oar. oat; a.ppnWmat.ety ..

-(100-8) : ['t-B.(..,) ... (J (1-7(1- 1:") B].-



SANKBY!: THE tNDLUl JOURNAL OF 8TATISTICB: Same A... ....... .. ~. . -. _. ~. .

For ~on. acljuated _tim..tee on rlLDdom aamplel. 8,(9.) may be
ezpreeaed 114

-.----'-"'--- ~- ---_._--- . - .
where k" = l:~l-~C)'J" is the. aamp'le third moment. From (3.3.2) it folIa-. that
the residual bi.. in the regreMion adjusted eltimatAt on ra.ndom .8omplee is oondi-
tionally ,

=. BC[(jl-VI)-P,,(~..-ZI)]-(T,-T.)

= 6(tf~I1)+'~J!1~.1:'> [~~l+z.)- ~~1::fJ]-6(~1-Z.l(ia+kn)/(~+~)'

For .. 'ymmetrio or near-aymmetrio cUatribution of s in both popuJatiOIll the third
t«m beoome., UDimport.nt. The firlt two t«ma give

_.. , .-'-' . i(;(.-..)tf-'(~l·--':~~)i/("+il)j:-- .....'
.-. -~ ..._-_.- -_.... _.' ,--_.... _-_ ...._._-. ~._-, ..-..._.... -

The &ftraP re&idu&1 biM in la.rp random .mplce after regreelion &diultment il there-
fore, for x symmetric a.nd (a'f+oi)/I .. I,

~.__.--: .:'. I(Gf-~{1- ('1-;")' }.-
This formula augate, .. we found for ,:1::", that with. lIymmetrie 2: and crf - ai,
linear regreeeion adjustment in r8ondom _mpl.. ahould remove eesenti&lly all the bias
when the relation between 71 aDd Z oan be approzimated by a quadratic funotion.
The further indication that with D'f :F of the residual bias is lroaUer abaolutely &II

111-11. increaaee tOwarda 1 i' at firat eight puu!ing. but conu.tent, for example, with
the Monte Culo resulta for e~1I lIoJld t~ when uVDi =< 2 in Table 3.2.3.

To flummal:ize for the e:Kponential and quadratio relationships; If it a.ppear8
that crt :::ow <1; and J: is symmetric (point. that elLD be checked from initial data on
x) linear regression adjustment on l·a.ndom s80mples remO'V'88 all or nearly all the bial.
Pe.ir matching alone i .. iriferior. Generally, ~on adjustment on pair-matahed
samples is much the beet performer; although sometimes failing in e~treme cues.
An explanation for thil result is given in Rubin (1973b) but ia not lJu1Xlmarized here
becau~ it i.s quite involved. Further work 011 Ildju,tment. by quadratic regreasion,

OD other curvilinear rel~t-ionl,lIDdon the caeca oi/ui ~ .~. : would be informative.
. ..... . ., .....

Before leaviog th~ problem of non-Iine&l' regreeeiODl. we indicate how the ..bove
reeultl-can"be e~nd~ to non-lineal' l'Mponll8 surfaces other than quadratic. Let

?le'-~ "c+tI(~CJ)+'CI

where 11(') i8 the regreasiQn ~urfaoe. Since~. may be written as 1:1:(YO-yc)(%41-Xcl/
. q

:t:t(%(1-~'): t·he limit of Sit in large random aamples i,
'1

(COY1(X,-,(x»+oov:(2:, g(~m/(.&rl(:r;)+vara(~)]

.10
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,..... ClOV. and .v. are the on..n..oc- aDd ndan_ IIa~ t. H4iiiie.,
ft!II'8IIbL adjuated tAl in 1&ip randotn ..,.. hal 1imItlaI~''''''''7 ~

Bt(g(:I:»-••(g(~»-('l-,J[GOYI(:I:.f{~)J+m,<lf~.c.»JI(-~<-)+-~~'", .:',~, ~ .';~" ',:
• f.'.

ThfI q'QA1Ltiv 0&11 be oalouJated~1' for . IUD)' dilltinlnatioDl and rep...iou
nrf'ao. g( • ), (e.I., no.rma1 di.taib~.·aDd a:pOfteatial f( • )). In .dditioD, if, ..
apanded In .. Taylor ..n-, the r.idul hiM in nDdoDl 01' matoW ....,.. may be
apt din....of. mom_til of II: in l"Y'IW>m.. ID&WMd·........~· • .

. .... BrYo,. OJ. .••~ '" Ir. "In til ..... we~~~.r:~ tJ1e.•.. . . • .. • ." J••. ., ,

.me~ repe.iDn OD t.he ooueo&It~~. (....,bJ X).;sa.~ po:paI&ti~ •.
but tW matehjiil'or'Np~' ii9D'''~t .:iiiad."~ fO:i.:'t;i1i~:~, ~! r.
+tIcI. where till II aD error or meuaremeDt. AI m8eatioD 1.1 the model Ii . '.. ". .' '.

"/_ ~+I(.r.,_,tl+..,il.·:"~il;;.t (S.4..l)
.' ."' .~,. , " ... ". t.,) ..LI',..JI:j··.. ·;·., ..·

&ad the apeot.ecl bIu III ('t-''> in ruulom.... II ..~~"-~~ ;.,t·.).r"'o'\:.·

To 00ftr 'litaatiaDa that .a.. mpnatiu it,,, ....bl8 tD &Dow (I) ~ ad
.r., to be correlated, and (ti) _, to be .. ".meuunment.with • .<..,) .. ue rtF O.
A diftlaulty ... at thi8 point. lhm uk'DioIe ~".-unpt.iOU' (..,~ zli
iDdepIadeDt In. .. ginn popuJatioD Ad "(tit,) .. 0). Liadl81 (1"".) Iho,.ed ..' tM
NF-U0Il of ,., em. Ir" i. not lm.r __ the awnuJlat faDotioD;o£.dIe
.., 18 .. m1l1~of tbM of·tJae ~... LIDdJe,r.~...... aaa· be P ~..
paadiDg conditloM when the _" ZC1,are OOIr-.t.l. Por llimpliolty we .-ame tba't
*- ataIlded ocmdi... an .-fIed..

..... i. . ';'~. . ,", ':".: .•.• I:;·' ".' '·I·'~· .-. \ ~ .. '.""" .. \; •. " ....... ~. \.~.. .... ~:

.' ,The Iin-.r repIIIIoDa of r OD tbe faUiW. ~ 1riU be wrttfm '':i :., . ".

'.' fe' c= II,+'(a-c,-••-tre)+t:1 .,.' , . ::!: J ... .' ·i 'J~;

with .1(41St" ~ o. Hcoe, from (8.~.1),··.'·.· " ',.~ .,~ :.> ..
.' :. ! ~ .. I : S.!~.#o ',: ..- ': .

... " == ~(p),~ -=·~+ataoYtm..-a,. ';':'.- ': '-:'::.:;' .' ",l~' ~.'
. ~ .·r '. . ..... '~'''_:." ~.t • .••. 'VV:. • . ).-,,~ .-:. ..•.:" •..: .. ~ Lf;t,;

, -. ,.. . ~ ;.~., . -f:'" i ~.

um-. eov(..r)< -v:, we ba" 1".1 < 111. the.lope of·the liM 1Jein8 damped
tcnn.tdI 1&'0. Tb8 reBa1t. in~ 1.1 imp!7 that in ruadoni ...piII •.-.alp.
matched on • a Np'eIIion-ac:ljuated MtlIm&te f,-,.-r( -.~ n.e·/tf·iI ....JIiut
8CJ1*'eI Mtimate of.the rtgrUIioD of., cm.ti1Ie.faUlbll·~, the initial biu of
fa-f. b)' the ~f;

Since .the iDitia1 biM of It-'I In madom ...plel is {J('l-"')'~~~.~~.•_ion. ' , .- "1·'" 'J'ad.falted." MtiIm.&te ill . ~ .. . I.... "J -. '.:. ~.~.\:- " " ., ••• t" :'. ,.~ ". J ....

(fJ-p·)('h·-"IJ-1iIii~~·

The lut tenD on the rilbt IIhow8 tJ.M. hiMed.~u om··...·•
IMWtiOD&1 ~tributioa (+01' -"-). f.O'~'.&IaJ,!\iM!:.:'th. oapt.ri~tioD ctiaJ'1*l'l'''..
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if the meaaurement biu it the eame ill both populationa, 111 = II.. Under this condi­
tion the pelWDt reduotion in biu doe to the regRllion adjUltment it l00'IP. With
the NlDe condition, the percent reduction inbiu Of (gl-i,) due to ma.tahing on z i.'
euily aeen to be .

100r [A'.(;)-'I~

fl. ('1-").'

Thu8 .with thiI lJimple model for erron of meaeurement in X, their effects on
matc~ IoDd adjuatDlent are 8imil&r-D6mely to multiply the expected percent
reduction in 1riaI by the ratio P-'fl. unally I.. than 1. W'Jth _, X unoorrelated.
thiI ratio wthe q1WJtity ai-/~ o1bm c.Ued the reUabiHty of the meuttreDlent % (Kendall
and BuoklMld, 19'11)... "

Hthil reliability, ..y (1+(1')-1, iabown. it.. can be uaed to inftate the regres­
sion adjuatment to han ez~t&tion #('1-'1.), (Ooahran, 1088b). Thu. form, ~he

"corrected" lep_on adjuatecl artimate

'1~g,-( I +")"(!1-~')'

which iIUDb~ (or 1',-1'.lUlder tbia model.

ID limple exampJee in which Lindley'. eonditions are not u.t.i8fied, Cochran
(19'10) found the reBl'fJMion ofyon the f.nible z to be mouotone but ourved. A thorough
innetiptioD of the effeot. of erron of m-eurement would have to attack this 0&18
alIo. . . .1

3.6. Omilltd (;(Mjot&ftflift/I~One of the mo;t common criticisms of
the conclUlione di'iwn frijm an obeerYatiooaI atudy is that they are erroneoUI beoaue
the inveetigator failed to edjUlt or uaatch for another oonfounding variable :./ that
affect8 y. He tbay have been una_ant of itt or failed to meuure it, or gueeeed that
it. effeot would be negliaible. Eftn under eimpIe modela, however, investigation
of the cffeota of 8uch .. variable on the initial bial and on the performance of regreaaion
a.nd matching IeadJ to no crisp conclusion that either rebuts or confirms thia oritioialD
in any generality.

We ...ume that "'1 hal the eame linear rogreaeion 00 ZCf &nd %(1 in both popu-
lat.ioDl, namely .

... (3.lS.1)

... (3.6.2)

Henoe, &8I1ItbU1g z and ~ are the only confounding variabl..,

7 1-1'. = B(Yl/-y.,/ZtJ = zl1' z~J ..... %.,) = (I'1-P,)-P<'1-'1.)-')'(v1-vZ)

and the initial biu in (g.-ga> ~rom ra.ndom aamplee is now

PC'1::-'I,>+y(II1-.".)·

Similarly, the bi.. in (i,-g,) from MIDp1ee matohed on z ia

PC'l-B.(:e.»+Y("l-B.(r.».
-ill
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Thai, clop-dinC on the Iipa of the .......... UlTOlftd. t.U prllSllOe of"I in tbe model
mayeit&er inareue or~ (perhapB to an \lnimportaat ......) dM preyioua initial

biu /1('1-"')' AJ8o, «ell if 11Ft-".1 > 1"1-"'(~1 aDd 1.~-..1> )1I,-.l.(Ia>I,
the biu of (:i,-,.> may be groater in matohed thAD radom .mpIM.

SUPPQle DOW tb&t leI b&lline&r aDd pKtJW rep'88Iicma on ztI in the hro papu­
Ia"':

... (1.1.3)
,

TbeD (8.15.1) may be written

:,., .. ,tIC+(J+,,~)(au-'.)+fC'+ec,. "h (3.1.')

IJl (a.I.•) we han retiamed to the model in 8ectioa 1.1 _ .. uu.r recr-ion of
r 011 jlm both popaWiau. J'rom 8eotion J.l, the apeoeed o1I&DIt III biM of (I,-g.)
due to rep'eIIioIl adi-1IMIIlt on c ill NIldOm ..... or 1&JIlp)ee mat.oh8d on :I •
tb..-aforo ., , '~ '" ' ' 'I, 0

.. ,,, ! .... ,_ ~ .. ~'I •

':""(.8+"A)(1P,-';'>
, while tbat due to matobing on 2: •

... (3.S.I)

" , ',I

. ::" ~...~,(~.I.I) &nd ('.IS.e) i.d'to the tWid1l&1 biM

, " "'.. '\,1; "'., 1£("1-11.)-'\('1-'.)]' (l.a.7)
: • • -'. I J; I. ' I ~ :, •• .' • ~... ,. •

Th., a.cij t on c alone reawvee the pari of the origiual biM oominI fxom z that
il ......'butable to~ lil18U' J'1l8NIIion of. on c. If. hal itleMccIl UneK ..c:MioruJ
on z in both popuJe.t.iOIll, IlO that (.I-A".) .. (.,-A,.), the retlidul biu .. sero ...
would be expected. With m.tahing in thh llitaation, the reeidual biM ill

t8+"A)[trl-Bt.(-.>1
,-tohIna beiDa .. eft'eotift tbaa~.

With rep'eIIioDI of Z 00. :I pnIW but' not. idengoal, the finIJ biaa with eitber
nplIBion or matGhiq ooaId ben~_pi' than the initial bu, and no _pie ,
Itat.emeIlt· ..bout the nJWiive DMlrita of~ &Dd matohing bolda und8r thit
model.

H the recrDllfA:na of 14, 011 2:., are penUel but non-linear, inftBtiption IIioW8
fiha'in Iarp _apl8I, tepellioD aDd mtotohiDc NJDOY8 the pari of the biM d1Ie to
z that i8 ..ttdlmteble to the liaear oomponeat of the regrEIIIioD ofI 011 So

•. M:.a.~AD AJ)ljUM'WJDiY BY nBOLA88II'IOA'l'IOlI

'.0. Tie .. -.w.. Whea tho z-YMiabIe • qualiWift, e.a. IIU (lI, F),
it .. natural to nprd &ny male ffoDl popuIatioIll' .... m.toh _ Ul7 ma1e fro.. pop"­
Ja.tion 2 with ftlIIJ*lt to 2:', or more purally, &rAy two mem... who flloll ill .........
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qualitative cla8.1 ... a match. Tbil method is aI80 WIed frequently when % i.e contin­
uous, e.g. n~. We first divide the range of age. that are of interest into, say, speci­
fied S-yeu cl.aees 40-44, 45-49, etc. and regard any two penon' in the larne age claa
q a match.

In .!!latching to the sample from population 1, let "11 be the number in &ample
1 who fall inihifth subel... From the reeervoir from popula.tion 2, ,ve seek the
same number 7l:J = nIl in the j-tb cl.... The a.verage ma.tched-pair difference.
}:7&£1 (gl1-gal)/7&j" of coune the difference ('l-YI) between the two matched sample
means, thia method being I18If-weighting. --_.- -----

With r&ndom samples from the two populatioDl, the a.lteroa.tive method of
adjUitment by .ubc....ification ,tart. by cl.-tying both aamplee into the rMpective
clasee.. The numben "tt, JIll will now uaually differ. Howe..., any weighted metn
tlD/CIlI-glI), with ~wl'" I, will be subject only to the residual within-c_~
insofa.r as this % is Clonaerned. In praCltiCl8, dift'erent ohoioes of the weight. 1111 haft
6""een uied, e.g. BOmetimee weight. directed at miDimidDg the vviance of the weilhted
difference. For compariaon with matching we "'ume the weights 1DI;;O "111'*.

,-_... -----------------
•. 1. Ptr!ormaJlce oj 'Ae two ".dltJd,. If &ample 1 and l'ell8rvoir 2 or sample

2 a.re n.ndoln 8&mples from their l'88peotive populationa, &8 we have *n &88uming
throughout, the "II, "'11 who tum up in the final ample are a random eample from
those in their population wbo ran in cl.... j under' eitbea' method-matching or &diuat­
ment. Consequently, with the 8ame weig&te 'fIll/1&, the two methods have the same
ezpected residual bi.... (An exception i. the ooaaaional cue of adjuatment from
initial random 8&mpl~ of equal sjzee '*1 = XI = '*, where we find xt1 ..... 0 in oDe or
more 8ubclaaaes, so that subclaaeee have to be combined to some extent for applica­
tion of the 'adjustment by eubclaMifiClation' method.)

~ith certain genuinely qualitative clMllifications it may be re&BOnable to
a.IIIn1me that any two memben of the .me aubcl... are identiO&1 as regards the effect
of this % on y. In thia event, both matchiDg and adjustment remon all the biaa
due to %, there being no within-cl... bilLS. But many qualitative variablea like socio­
economic status, degree of aggteseiveneu (mild, modera.to, severe), repreeent an ordered
classification of an underl;)'ing continuous variable x which at present we are una.ble
to measure accurately. TltO members of the same ,ubc)... do not have iden~
values of z in this e!!!.lt. For such c....;aild for 0. variable Hke age, n u;;;;, t·he
rnodel

... (•.1.1)

the regreseion of 11 on z being the lIame in both populations, with 1'1-1', not depending
On the value of %.

From (4.1.1) the percent reduction in the bi.. ofy due to adjustment by Bub­
classification of'U equals the percent reduction in the bias of u. If u(z) - %. this wo
equals the percent reduetion in the bias of z. If u(z) is a monotone function of %! a
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diYi8JD of s Into ....., tha quatUe. of z will..be .. di"f'ilioD. of.~ .....t
the ... Cl,UMltiIM of.. Tb8 paaeat Mll0ti0Da ill biu of. and * wiD IIOC, bon•••
be eqaa.l. eiMe theee depend both OIl ib.e dntIioa. point. Uld on the f'NqaeDoy 6tri­
butiou, whioh wiD differ for" and~. Tbe'a~ldopteclb1 <.bsbnD (1"') wuw
~ with the aue .(s) ""'" s, with s aanul. &lid then 00IlIider lOme naa..DOlIIIIl1
diltiributioaa of. to tluo" II01D8 "sht OIl the litQ&tion with 1I{z) moaotoae.

III 11lbal"MiAQ&tioa. the range of ;I ill diTided into c....t diftlion poiDta
;.'Sf, .... z.. . 1M!.(.) be the podS.'. of 21: in the two popuW.ioGI. Th8 0ftnU ....
01. are

,,- I cJc(;,)'.i

while ill ... J-tIl Abel..~ ...... ale _
. "

~ , ~'

'HI - I -Jc(fJ)Ita/P". ".... p. - I /b) •.
-1-1 -"1. , ,;).t';.

1'be iDitMl apeotecl biu"fa;'~ ia (1t4~~ Aftw .........ia. or adjGlt...
tbe lNiIhted 1Il_ cWreI.... in tAw. two ..Ill.... 18

i .!!II (Iru-"'~, ... ('.1.1)
,.... tI

.. ,

Z PjI('1I-11i). ... ('.1.3)
I-l

1.'hIa o..~nmay be \UI8d in~ the apeatcd p..,.t redaet50a in biM.

IfA(.). /,J..) differ' only mtA .-peat to ....... pnmet« it ill ooraftllieDt
to gift it t.be .1101.- 0 aDd 8 in popalatiol'Ul 1 &IlCl I, n.peou,ely. Ibpnllllion (4.1.8)
lUy be Nwa:itt.l ...

A fltU-..... 'ra,. espmioD aboat O. IMUmiq 8 .....u. __ to workweUform.­
of pn.otiaal ••• (Coobna•. 1....) read JMd,I to a 1J88fal rewlt obtained in ....ted
probJem. Pfom ('.1.4.) tM expeolled rui4_ biuls~.WyJezpaMilig abou'
e -0,

'" ("'1.6)

the dtriYatm hemg~ ..t·e =- 0., oft the 'other hand. tibo apeOt.ed itlilial
bw.•. •

ilP,(O,.,(O);""P,(8W,c8)] ~ -8 E lp,(O) ti9f(!') ·+~t<O)~8l.1. (,.1 ..6)
1-1 . I~ -car-
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OD aubtl'&Cting (4.1.15) from (4.1.", tile espeotA!ld pmportioaaI reduction in bias 1!3

&pprozimately

.,. (4.1.7)

•meaaured at e == 0, ...here ,,(8) = Y. =- 1: Ps(8)'1I(8).
I-A

In particular, if 1.(%) = /(z)./.(z) ... f(z- 9). the two dMtributioDS differing

only in their me&DI, we haft :. = I uul

., .,....
P,(8) - J /(a-e)* = 1 /(z)"

·~I -1-1-·

with

¥) =J(Iei-l)-/("I)

at 8 ~ O. From (4.1.7), tho pt'OpGltiuDal reduction in biM becomes

•E ff(O)(/(~_I)-/(%/})'
I-l

If f(%) is the ,unit normal di*J"b1ltioD, (4.1.8) IiftII

..• (4.1.8)

... (4.1.9)•
:& (J("-,)-/(:If)1'P,(o)

1-1

for the proportion&! reduction in bias. Ea:pa ROO (4.1.9) baa been studied ill other
problems by J. Og...... (1961) and by D. R. Q)x (lINS'7). Cox allowed that it isl minus
the ratio of the average witbiR-eIua TIIriaDoe to the original nuianoe of % when % ia
normal. For our purpose, their caJculatiooa provide (i) the optimum choioes of the
Pd, (ii) the resulting maximum peroent reduction. in biM, and (iii) the pwoent reduc­
tions in bias with equal-aized c1aMM PlJ .... lIe. FOI' e = 2-10, the muimtun percent
reductioD.ll are ..t moet about 2% higher than those for equal Pu, ehown in
Table 4.2.1.

TABLE "'.1. PBRCBNT MmtTCT10KI IN BIA8 WlT.H EQUAL·SlZED
CL488 IN POl'OUT%OK 1. a N01Uf4L

" reclIlO&iOD

I a , • • • 10

C&1oulationa (Cochran. 19881.) of the percent reductiona when 2l follows Xl
distributions, e diatributiona and Beta diatributioD8 suggeet that the above figures
Can be used as a rough guide to what to expect in practice when the ol&eeification rep­
resents an. underlying continuous %. To remove 80%. 90% and 95% of the initial
biM, evidently 3, 5, and 10 ol-.ee are required by this method.
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a.l. p...., It,..,. r"..,."..... We now conai_ the cue of many ~.

n.riabJell. eay (z{u, zeit••••• ~'). Jluy 01 the~~ .. OlIO z variable
haft olmou azWoau-lar fJ z-variablea, with the jt-ftOton 'II. III aDd ..,~t'ICthe
ICaIarII 'I', A and ~/' HOft9411' aoept in the 0.- where the adjultmeDt 1"8IDO'V'­

&II the biM. the concluioDa ue"8YeD _Ibarp thaD mthe alii.........

The limplelt DluItiT&rii.te oue OClourJ wlaea , bu pRalle! UDear rep!1IioD8 on
~ in both popaJatioDl

,., ... ~+'(aJt1-:...y+'Cf. . •.. (1.1.1)
•.. -":,~ ·:1IiI .. tr;." .': ;.. .~.~

The~ ofr on :I: in the two popaJattou are parallel "plAneeu with • comtant
difl'eNnoe ofheiaht "'..' . " ·1 ,

••• (6.1.1)
- . -, ;.. .-

If(zell, ••. , .ca) are the 0Il17~ nriabl., thiI ...., d.itfweaae. the tzwM.

!Ileat dift'ereaae, "1-7'.. 'Pro~ (5.1.1) it 10U01......... OODCfitioD&IIj OIl·tJ:.nIuI of

the 2tI in two ",~, O~OI8ft ei~~~I~~c:W.~~.~'~..........~
••1-''> - "1-1'.+'(.,,-2.>'. .

'. . .. -.' ':-' ..
The apeated hiM of "'-il in I'&Ildom ..... ;. ... '.

, 6,(fi-,a>-(1'I-T.) = '(111-'11)'. •.. {I.l.a)
. : . . '.. ) ~: .,..: ., .

Notioe'that Iiue It ADd (ttl-'l,) aN ftOtoJoB the initiat.. in (fs-ftl-,. be ..... evm
if II :¢: 0 and (Ih-'tal "0. , .

In random PI. aDd m.wh.d'PI' ~P1;', ·tJie hiM'.

"Clt-'.)-(1't-T"·a;a It<ih-"(-.»'. .(lU.4t

Formally, tho perceni reduotJoG io biM. the na~ural eUeulioA of the um.lllit,te.~t.

l00~-!..(21~-1h)'J~~-IIa>'. ... (6.1.5)

lSut the biu in matohed ~p_ may be peater than in random lamP. e... with
J:.(a.l oIoIer to 111 in alholDponeIltB t.b&n 'J.iI to lI~e-l.CIIa-'a> .. (I,~1),('h-• ..c-.»
- (i. I). 15 .. (I, 1)), whloh give tDitlal hi.. 0 aDd matobecl..mple~ 1.

The l8IP'!-_ adiuted..mate •

'1~'1 = (fl-,.,"':'j<III -II.>' (6.1.8)'. .
where. ia ..noto.r or e.timatecl~~Gien.Of 11 on.. UDda' thiII'model,

... . .. .- .. . . ..... .'

.0(1') .... II, for ~. _I' ;.. Th-. for my of th6Ie ; and iamp1ee 8ithfr raDdom'ol'
zu,tQhed OIl z. (1.1.1) aDd(5:1.8) ehOw thIt the~. aajUated .tim&te iI uubfued :

.•,(Ts-i.t....: I'i":"~"';"~-Ji.)' '.. Tl~TI: .... ,::'

d7



... (5.2.2)
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5.2. Yn-part.alltlliJ&t4l' regrcNiDu. ~ in the univa.riate case, the regreseiouti
of y 011 Z may not be parallel. bume the objective ill to e.timate (Tl-T~) ~veraged

over some etandard population with mMon ~ vector .... (e.g = '11 if P 1 is considered
the at&ndN'd). From the multivariate veraioD of (3.1.2), uming z are the only

confounding variables we have

E'("l-T,) = 1'.-Pw+ftl(YIe-1h)'-ft.(1II-'1,r. (5.2.1)

In random sample. i.-i, h.u ezpootationPt-,u1 and thul the initial bias is

-'1('1,-'11)'+P.<....-'lt)'.

U .... = 'II' thia initial bi... becomes ".('1.-'1,)'.

For r&Ddom II&lDplea or amples eelect.ed solely on z

Ec(il-9,) - ,ul-~+"(~l-'1.)'-ft.(~,-'I.)'

-. E,(T1-T,)+_1(rI.- ...." -,..<~,-'1')"

If ....... 'Ill and eam pie 1 is a l'&I1doua sample, the biae of il-91 iI5 "'('11 - E",(~.))' while
the initial biaa ia ...('11-'1'>" By colDpariaon with (6.1.3) and (6.1.~) it follows that
wheD popu1&tion 1 ia choeen ... the atandard the effect of matching on bias reduction

ia the II&me whether the regreMiOftll ale p&l'&11e1 or not.

Now conaider the regreuion eaamate. Since (6.2.2) gives the conditional
biu of 91-Y' it would eeem reMOnable to e.timate thia bias u8ing the usual within­
sample least squares "timatee Of'l and ,.. (and an estim.ate of 'Il. if necessa.ry) and

forming the regreesion ·a.djuated eetiU1&te

... (5.2.3)

which is an unbiued estimate of E,(Tl-"I) under the. linear regression model. If
'I. = '11 &lond the first sample is random, thie estimate is the n&lotural extension of the

univariate result,

If a ~ingle fiummary of the effect of the treatment ill not a.dequa.tc, one could
examine the estimated effect at v~riou. valuee of ~ using (5.2.3) where '1], is replaced

by the values of z of intereat.

ti.3. ..Ycm.liMarr8fl1'UlIoM. If y haa non-linear p&J'allel regres8ions on x.

expreeeed by the function g(~), the initial bi.... E1(g(z»-E.(g(z). depends on the higher
momente of the distributions of ~ in PI and PI (e.g. the covariance matrices 2:1 and

1:, if Z i, normal) &8 well ... the means. The large sample limit of the pooled regression

<ldjusted eetimate in randotn samples ill

El(g(~»-E.(g(~n-("h-'II)[J:l +Z"l-lC'

438
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ThiI quall*", .. weD .. _Alar quanti~I. &be ClUB of pRa1Jel, 11OII-li.ae&r

rell'f*ioaa, CIdl be obWDed aulytic.Dy for raauy cliIf;ri1)u..... ADd 11111'11.04 ftmc­
tiOM. A. far .. ".Imow, DO wodt bu been doD- OIl ... pcobI8m 01' the men dUIlea1t
one iIlTOlmllD&tohed I&IDp", ill whioh oue the cIiItiIn"batioD 01. mmaflohed Mmp_
ma.y not be ualytigaJ}y traot&ble. lkpr.ndins ,,(a) in a Taylor .... W01Ild eoab1e
one to expand the llmitiDs reeldual biaII in tenu of the 1IlOIMIlt. of :II in raadom and
matGbed __p1eI (matabed IDOmente for the N8f!lIIoa. adj1lded eltimate b.-d on .
matabed pain).

5.'. .mw. o!.....-e.",., i.lI&. "'me tiM 11 baa pIftJJelliDMr resr-­
.i0D8 on • oornat.ly DlIM1D'eC1 matoblq ftriab1ell %. ibM % are the 0011 aoDfoand·
iDI nriabIea, but that matoblDg aDd !9JI'llllion aclj.....t 1ft done OIl the fallible
:I == %+.. :&.ae

", ~ JIC+tI(%c,-'lc)'+ecs

and the iDitW hiM in nadom __,.. • ~'b-'h>'. II" .... a linMr tegNIIIioa. OIl

the faDlbJe z (e••• " X, II .. 1D1I1...... AOI'IIW), '"

WfI - JIC+'.(8tcI-'II-"')+<'

wilen B<<,I-.) = 0, B(tIc,) ~ Ve, aDd J! - 2;1 "W, z), 1I'Mre Z. ia the COftriaDoe
IIIMri.K of'" • nriAblei.

A repelllon adfuatAld lltimate __ OIl rudOlli .mplel 01' ..pm. matohed
OQ Z oIaaupJ b Daitial bJu by the amount -'·(...I-....-vt+"t>', UMlth. the biae
ol • wgrBlaioIl adjUlMd tIItimate iI

("-1I'(~1-ttt)'- ...~-~y. ... (5.•.1)

Some simple renlta oan be obtained for the Ip8Oi&l cue wheD "1 = V. (equaJly
biued mll&l1ll'8Dlel1te in both popuJ&tioua), X .... are UIlC'OIrelated, Nld the co­
vari&ncle matriz of • ill propGI~ to the ocwariaDoe matrix of X, .y (llZz. With
the latter two ooadi.. ,. beoomeI (1 +.·)-lJ. Thill NMIlt and·"1 ~ "1 impJ;y
thai (6.'.1) beoomee

and the percent reduotbl in biu due to regreuiCm adjutment it

100/(1+(11),

aa in the UDiYariate ,.., .mae 1/(1+.1) OClInIpOndl to the reliability, wbiah we are
aaumiDg to be \1Diformtor aU VIoI'iablea. UDdw thiI --.e .. of IIpeClIW oonditioDll,
the peroent reduution in bJaa duo to matobiDl on • woWd be

100
, 1+.' '(B.(·t)-• .r/ll(yt.-~,>·.

'"
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Under models different frona the above special cue, clea.rcut results &l'pear
more difticult to obtain, and the perceat reduction in bi.. for regreuion adjustment
or IIl&tohing is not neceee&ri1y between 0 and 100 perceIlt even with Vi = VI' X and
U uncorrelated, and all ue independent.

If One knew z., one could (orm a "corrected" regre8lion.adju.~d oetimat.e
_that is in large eamplee unbi&aed Cor "'1-TZ' That ill, ..uming z and U are unCOl're­

lated, fann

•.• (6.•.2)

where je is the lWual l~t squarel eathnat8 of the regrM8i011 of 11 on z, i. i8 the eeti­

mated within group c~varianae m..trix of:l: and Zz = Z.-J:.. In the .oi&1 0&88

when Z• .= s'Zz, the eatimat8 8implifiee to the~e of the univariate reault if
Sl is known . ..' . ...

which is unbiaeed for "'1-"'" .
• f ••••• -

5.5. o.iUed CM&Jav.ffI1,iftIJ ~u. Allums that 11 has parallel regrelBions
on (:1:,.) in t·he population. but that matching and/or adjU8tment is done on the z
variables alone. At.o Ulume that z and • are the only confounding variables. This
multivariate cue is very aimilar to the Univariate one of Section 3.5 and the multi­
variate aualop of &11 the forlPulaa f~lle... in &11 obviou. manner. The basic reeult is
that if. has a. linear regre8llion on Z, * can be decomposed into •• along z and .0
ort~ogonal to z, and adju.tment on z ~ a1IO adj\Wtment on •• but doee not Boffeat zoo

6. SOliZ MtrLTrVARtJ.n OZl'l:1ULIZATION8 01' UIUVAllIATE ){ATCBINO XETBOD8

6.1. Caliper makAin!J. Thus far we have not discuseed any specifio multi­
variate matching methode. The obvious extension of caliper matching ie to aeek in
reeervoir 2 a match for each :r.,8uch that !:rW-xWI < Ct for k = 1.2, .... 1'. This
method is used in practice, the difficulty being the large ~ize of t'88ervoir needed to
find matches.

The effect of thiB method on 8",(91-9,) could be calculated from univariate
reeulte if all ~ were independently distributed in PI (this re8triotion will be relued
8hortly). This foUowa because selection on x" from p. would not affoot the other :r
variables. and 10 the percent reduction in the bi.. of the varia~ zC1'1 under this method
would be the same as that under the univariate caliper matching I:r\f-~') I< Ct·

From theIe p percent reduotions, the percent reduction in bias could be calonlated
for any y that is linear In the z. For example, with l' - 2, let B = 0.5 and O"U~

= • for zm, while B .= 0.25 aDd cr:luI = 2 for r". Then if 01 = o.,V(oi+17i}/2 and

c. = 0.8V(o'f+tTI)/2, the reductions for z(1I and xCI) from Table 2.3.1 Are about 96%
.ad 77%. That for ZCll+~IZI', for inatanoe, ie about [(.96)(.6)+(.77)(.25)]/(.75) = 90%.

.uo
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With uu. &PJI'OMh, a.n atMmpt to ee&eot the c.. from initUl _matea of
,,'f)-.,,~) aDd ai/at for Scil 80 .t.hat matching give. the -.me peroent reduotion in biu
1« each ~It) bioi lOme.ap.peal, pgtiaa)ad, when matobhll £or more &baa 0110 '!I or when
it ill uncertain which z()' an moce importeDt. WheneYer tbia propartoy does DOt hold,
matohing can '*'reue the biu for lOme ,'.linear in~. For iMtMoe, in the preceding
eumplematahing would increue the billa for %llI_~II), whOtel biu ia iDit.iall,.
~.

in Pit but it...,. an norm
Demplter, 1 ) theN~ a .limple u-r traDat'ormat.io

: . .: . . ~.. . ~.. ~ .

. .. . ..... eB when· lI'~~ Zit (e.l.1)

... tW the • IN~t1,.di.tributecl iJa p.. Hence,.-amiDs (1) z normal
in p .. (I) ..... Ili.mpJe from p• •.t.bM R fa ....u, bon. UMl &11 ....taheI oan
be obWDecl, aDd (I) tAt otJfper m_toIdDc mMb.ocl de8Ded _Me .. UIed on the,. ~ eB
ftI'iabIeI, Table J.I.1 ou. be ued to orJauJatAt the peraent led.uotion iD biu £or eaoh
of the aQl. AlIo, 1i'oDl thele· 11 percent teel1IMionI In biu, the perceIlt Jeduotion in
btu caD be oa1oalatAId b ..,. linear oombinMioD of the ,I", IUGh .. UIJ seat or &D"1
, that fa liDe&r in 2. ... .

We 00DIider oaliper mMolaiDc OIl the trauformecl ndableB to be & reMOD8oble
~tiOJl of 1IDinrit.te ..upill' matohillg to U88 in praatiee. CaIipar ma'chiag
OIl the orlgiJt&l ~ ftI'iahlet deftn... fixed~&1 urect&apJar" ne5Pbol'hood
&boot·· eaoh~ in whIeh an uoepte.ble matoh .. be lo1md. If oalipet matohing is
lIIeC16n the z;n.rf&b1ell, _ neiPborhood iI cI88Ded abou' eaoh ;Iljf t.bat in general iI
no 10Dpr a.llimpJe l'8CJt&DBle with ...perpemdioaJi.r to the s-vuiablee but a 1I-dimen­
aional paraUelopiped wh<MII lid. are not ~ou1&t to the %-"ariables but to the
l' linear eombinati<me of the %-valiablee corresponctiDg to the.. Sinee the original
choice of _ rectaugaJar neighborhood (o.g. father than & ciroular oue) Dlerely for
oonvenienoe, the neighborhood dt8ned by the _ oalipen aboaJd be j_ tiBfaotory.

8.2. O~~. M & MODd. oumple of a OO1I1mODl.1 UIIl'Jd matoh­
ing method for which we GaD apply the· uninria~ l"8Iultl, &8BUme tho oategorioal
lIl&tohiDg method.·of Seotion , i8 1Wed ,nth ct caf.eloriee for MOb. m_tohiDg "anable,
the final match for 81M DlOIIl.... oI·t.be ftnt -ape beiPI ....... from the members
of tho second __pte lyiDg ill the aaine "ClI'ioIIon all variablee. II tIWI m-tohiDc
Ia ped01"lD8C1 OIl the tnnIfal'med n.riablel • Ii'- in (e.1.1),n~ ill u.umed.
&net the re.er.oit II larp, TAble '.2.1 can be ... flo oaIottlate __ pwoent reduotion
in hiM of each zcaJ in the 1iD&I ....tohed lloIIlpJe, &DCI th1II of..e(aJ or uy., beg in
"'. AotuaUy Table •.2.1 requinlI the rat;6o of varian.- to be 1 and B~ m
sm.n but could be estended to inolub more ....

. By adj0atiD8 the nUDlbu of 010"'_ -t per matobiDg variable at'" .. a
funotioa of "1(1(~)-B#.t) aDd varl~t)/ftI'.<z~) 0D8 GaD obtain e.pprozilll&te1y tho
eame peraent reduotioll in hiM of U1Y ., tbt» 1bIeK in til.

"1
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0.3. DilC,;miJtG'" malcAi,.,. As a ftDal ePIDpJe of multivariaw matching
methods for \\'hich some of the previous univariate ~t8 are applicable, aaaume the
transformation ill (6.1.1) will be ueed with B defiDcd 50 that ('1-'1)11 oc (1,0, ...• 0).
Univariate rnatC'he'i l\re then obtained On zCII. the bed linear discriminant with respect
to the J:~ inner product. 11.8 8u,rgeated by Rubin (191('1. X(o'f· with this method there
is no (mean) bias orthogonal to the diecriminant (i.e.Bp'£;1 - E.zltl, Ie = 2•...• p);
hence. if the z are normal in PI (eo that znl and (rlt, .... :11') are independent). the
percent reduction in bias for any linear function of tbe :r rqual. the percent redaction
in bi.. of %111,

Tables 2.3.1. 2.5.1, 2.'.1, or '.2.1 can theD be ued to calculate the peraent
reduction in bias for each z'l:. when univariate caliper. meaD, De&re8t available or cate­
gorical matching is uaed On the diaorimmant. hl'" tbeee table. af/uf ie the ratio
of the zlll varianC88 in PI and PI' (e1-1!i)Ei' Zw ZiI(~-21)'/(21-~I)Zil<21-22)"

and B is the number of standard deviationa betWflftl the means of %111 in P, and

PI' (21-2IlZi1(21-21)'fvi<<<1'f+c;f,. NotA! that (or lD&Dy matching variabl., tbia B
could be quite large even if the meanll of eaeh matehiDg variable are moderately
lrimilar in PI and P."

Discriminant matching haa IM:veral appealing proputies ;

(t) it is eaay to control the Rir.ea of tbe final mat4:'hed samplf!s to be esactl}·
of siu 1\;

(2) if 2 is approximawly normal in PI the method ahould do a good job of
reducing bi.. of any 11 linear in ~, even for a modest reservoir; this foOow8
from an e:s:amination of Table8 2.'.1 ad 2.5.1 ;

(3) if;r ili approximately nOl'mal in both PI and PI with z,. ~ 1:2, pair match­
ing should do /I. good job of reducing the bias of any type of regresaion
when the reservoir i~ large and/or \vhen combined with regtes5ion adju.'lt­
ment.

The third point follows from the fact that if 3e ia normal in PI and P s .ith 1:1 = 1:2,

orthogonal to the discriminant the diakibutions of the matching va.riables are identical
in Pi o.nd PI and unaffected by the matching. Hence. for any 1/, all bias is due to the
rlifferent distributions of the diecriminant, and Tables 3.2.1-3.2.3 indicate that with
moderate f, matohing and regreuion adjustment remove much of this bias; also when
r~ 00 the distributions of all matching variables \rill be the same in the matched
lWIomples if nearest available matching i'f \teed and ~ iR normal \vit·h 1:1 = ~.

In audition. if oue ha.d to chOO8e on8 linear combinntion of the ~ along ,vhieh
it non-linear !I is changing ~08t rapidly, a.nd thus on which to obtain ("lose pair matchel'i.
the di8C'riminant ~eem8 reasonable since the matching variables were presumably
('hosen not only beC&\lM\ their distributions differ in P t and p! but also because they
u,re correlated with y.
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Of OOW'le, the joint .~butio~ of m.....cIaiog variable. are not -..ured to
bo limilar in the matched .amplel, ... they would be with p&ir mat;oh.. b• .iag tight
calipers or with a Jarae numMl' of cateaariel ueiDI the methods of Sections 0.1 or 6.2.
HOW8Yer. t.he ability to Snd ~pt pair matobM on all matahilll vari&blel in .. biPlY
multivariate 8ituation"lDa dubiowl even with moden.tely large r. The implio.tiona
or th8118 pointe require Itudy.

In prautioetbe dilcrimiDant il Jl8ftl' known uaotJy. How~. aylllllli8ky

argumenta (Rubin. 11"10) abow that under normaUt.y in P,. m&tohing OIl the 8&mple­
bII88d dilorimjnADt etm yield! the lame percent reduction in upeot.ed. biM (or eaoh zItI,

6.'. ok· ....,., .dAoGI, Th8re Me two kiDde of problllPa with the
prec:ediDg matabing uiothod.. PInt. for thoee utiJisinlall the ~ii i. cHou1t to CODtl'ol
the .- of tIut ftDal ...mple of matah.. 'nUl with tho ealiper 01' oatepmcal methode
little i. kDowu. about the aotual reeerYoir .. DMded to be oon8.dmt of obt.&jniQI •
m..tob far -.c:h member of tb8 flrat IAmp1e, altboqh all &rIumClllt Iugen. that tho
ratio or nl 190ir to ..mill- .. for JI nri&blee U.d. ill Pi .. p. II roqhly the IJ·th
power of the ratio for ODe variable. The ... of oalipel' matobiDg to obtain matabecl
1&D1ple& in a praotiotJ problem ia deeoribecl inA1~and Rubin (1810).

When uaiDg mean &lid nMl'8lt available matohing on the dl8crimjnant it ie e&ly
to oontrol the 6Dal matched eample to haft .... fl. H01f8VC uaing m...imin&nt
matohiDg. individual matabecl pUrl are not abe 00. all variab_ &lid the)- rely OD

epeoUlo diatributiontJ &IIUDlptiODB toineore that.the __pice an weD·matobed. even
.. r~oo,

An altematiw i. to t.ry to define IDMohiDg methode more~ to the
univariate Doareet avall&ble matohiDg method ueing some cWlDition of "diet6Dae"
between 01111 and arl' We might chOOlO the. JIlatohcl by ordering the ~1J in eom8 way
(e,g. randomly) and t.b8n IUIBigniDg ... a matoh tho D8U'91t ~II .. de8ned byeome multi­
variate diatanoe meuure. Such methodl will be oalIed n8U'8llt _va.ila.blo metric
matching methods.

.A almple oJ&aa of~ ie defined by an.ilmea' poOduot matrix, D. ItO that the
matl.iloe tioJn 211 to ~u ·iI ("'u-iI7,,) J)(~-ilJ,,)'. Bather obvioll8 cboioell for Dare
Zil or Zjl yieldiog the Maha1&nobil (1927) diatanee between,ZlI &ad 2tJ with reepect
to eithv inner product. If Zt oc Z. a.nd :I: is -P-ioa1. qUlmetry implies that
either Mab-Jaoobia dilt&nOe yio1d8 tb8 _me peroent reduction in biu for eaoh *(11,.

. Xore pDenJIy,unpubliahed 911l1D8Wy arpmtI1t1 (Rubia. 10'180) show th&t
fgr z Ipb8ricaI and aD iOD8l' product ~etrio. the ..me l*'C*lt reduction in biu is ob­
tiained for each *ctl if and only if

(1) The P, covat'ia.noe matricea of 2 orthogonal to t.he dieoriminante an
proporti~urJ :

Z 1 [ -1' 1
E~ = ~- 8f (~-~)'('l-'li) - Ci Zt-Sl (~l-'I)'(.I-'I)J

~
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where '"~ = the \"'arianee of discriminant in P• .... (,.-,.>Z.-I(,.-YJ.)'. (Note that this
implies the diacriminanta with respect to the PI and PI inner product. a.re
proportional).

(2) The inner product ruatrix D used for matching ill proportional to [J:++
k(Yh-")'('h-YJ.n-1 with Ie ~ 0 (if Ie = 0 or 00, the inver- is .. genera.lized invene,
Rao, 1973).

The choice of A: = QO yielde matching along the diecriminaDt, Ie _ °yields matching
in the space orthogonal to the diaoriminant, ,,= ~i"' yielde matching using the PI
Mahalanobis diatance and Ie = e.til yielda matching u8ing the PI M'ab.J&nobie distance.
Symmetry arguments 1.110 show that under normality and condition (1), uaing the
l!I&mple eetima_ of 1:... and (Ill-'.) gi", the ladle percent redaction in biaa for
each z(~J. .

There are of coune oth« "'.ye to dda.e diltance between ztJ and ~tJl (or
eumple by the Minkoweki metric

[ - ]1/'. ~~. I%W-2:WI'. for lOme y > .0•..

Nothing seems to be known about the ped'ormance of euch matching methode.

A final cl&88 of methoda that baa not been explored might be described ...
sample metric matohing. The aimpl88t enmple would be to minimize diltance between
the meana 02. and ~. with reepeot to a metric. More int.ereetiDg and robut ag&inat
nOI1-linevity would be to minimize & meaaure of the difference between the empirical
diatribution functions.

7.1. Swmmary COffUfU1IU. Thi8 review of methods of controlling bias in
observational etuwee haa concentrated on the performance of linear regret8ion adi~8t­

menta and varioua matching methoda in reducing the initial bias of 11 due to differences
in the distribution of confounding variablee, %, in two populatione; thia aeemed to U8

the moet important upect in oblenationaletadiee. We. have not conIidered the
eft'eota of the.., techniques on increaBiDI preoiIion, u becornee the focus of int«'e8t in
randomized experiment..

If the % variablee are the only confoundi.ng variablee, linear regte8lion adjUJIt.
ment on random 8amplee removy all the initial bias when the (y, z) rol..tioD8 are
linear and parallel. With 0111y one z and panlIel mODotonio curved. relatione of the

types examined, linear adjutment on random eampl88 again removes eM8Jltially all
the bias i( O"f = ~ and the diltributions of z &1'8 8ymmetric, but may perform very
erratically ifcrf/aj is not near I, or if the distributions of:r are uymmetric.

Ezoept in atudi81 ftbm put recorda, like the Cornell .tudi81 of the effectiveneu
of seat belts in auto accidente (Kihlberg and Bobinaon, l~) matching must usually be
performed before 11 bas been mouured. A drawback is the time and frustloation involved

"'
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